We study the thermodynamic entropy of a massive scalar field in the spacetime of the two-dimensional black hole of the Jackiw-Teitelboim gravity, and a D-dimensional Reissner-Nordström charged black hole. By regularizing the ultraviolet divergences using the Pauli-Villars regularization method, we obtain the renormalized black hole entropy of the scalar field which has a contribution proportional to the black hole area only in an even dimensional black hole but not in an odd dimensional black hole, implying that the quantum effect of matter does not renormalize the black hole entropy in the odd dimension. We obtain explicitly the renormalized thermodynamic entropy in
I. INTRODUCTION
Since the discovery of black hole entropy by Bekenstein [1] and Hawking [2] , the understanding of its microscopic origin has eluded physicist's attempts. Quantum fields in black hole backgrounds have been extensively studied to explain the microscopic entropy of back holes. Susskind and Uglum [3] has recently suggested that the thermodynamic entropy of a scalar field in a black hole background also contributes to the total entropy of black hole system that still satisfies the area law when one renormalizes the gravitational constant.
Using the Pauli-Villars covariant regularization method Demers, Lafrance, and Myers [4] have shown explicitly that the thermodynamic entropy of a scalar field indeed renormalizes the black hole entropy. The renormalization process was further elaborated by the authors [5] in which the Bose-Einstein and Fermi-Dirac distributions are used depending on the spin-statistics of the regulator fields.
In this letter we study the renormalized thermodynamic entropy of a massive scalar field in the two dimensional black hole, especially the Achucarro-Ortiz (AO) black hole of the Jackiw-Teitelboim gravity, and the D-dimensional Reissner-Nordström (RN) charged black holes. We shall investigate the ultraviolet divergences of the thermodynamic entropy in terms of the 't Hooft brick wall [6] . The thermodynamic entropy of a massive scalar field in the D-dimensional RN black holes was found in the brick wall model [7] and the renormalized entropy in the ζ-function regularization scheme [8] . We use the Pauli-Villars covariant regularization method to obtain the renormalized entropy by introducing fictitious regulator fields which obey either the Bose-Einstein or Fermi-Dirac distribution depending on their statistics.
Throughout this paper we adopt the units, c = G =h = k = 1. The spacetime signature is (−, +, +, +).
II. ENTROPY OF TWO DIMENSIONAL BLACK HOLE
The Einstein gravity in two dimensions is trivial. Jackiw [9] and Teitelboim [10] have suggested a nontrivial gravity theory in two dimensions:
where R is the Ricci scalar, Λ is the cosmological constant and T is the trace of the energy-momentum tensor. Achucarro-Ortiz has found the black hole solution [11] of JackiwTeitelboim gravity
where M, J, and Λ are the black hole mass, angular momentum, and cosmological constant, respectively. The AO black hole has two event horizons
The asymptotic form of the AO black hole is a de Sitter spacetime.
We shall study thermodynamic entropy of a massive scalar field in the AO black hole background. The massive scalar field in the two dimensional black hole with the metric
satisfies the Klein-Gordon equation
A classically allowed state outside the outer event horizon has the WKB wave function, φ ∼ e −i(Et−S(r)) , and the radial momentum p r = dS dr is given by
The number of states for a given E is obtained by counting the action
where h is the brick wall just outside the outer event horizon r + introduced to cut off the ultraviolet divergence [6] . The Helmholtz free energy of a bosonic field is given by
With a change of variable, x = r 2 , we rewrite the number of states as
where x ± = r 2 ± and ǫ = h 2 . In the integral (9), the dominant contribution comes the lower limit r + . Using the integral ǫ dx 1
where
and
we obtain the leading term of the free energy
which shows a logarithmical divergence. The fact that the two-dimensional black hole entropy has a logarithmic divergence was found in Ref. [12] .
We shall introduce fictitious bosonic and fermionic regulator fields according to the PauliVillars covariant regularization method. The same Bose-Einstein statistics is used for the regulator fields in Ref. [4] , whereas the Bose-Einstein and Fermi-Dirac statistics are used according to the spin-statistics of the regulator fields in Ref. [5] . We shall follow the latter.
We may remove the logarithmically divergent term by introducing two fermionic regulator fields with masses m F 1 and m F 2 . The brick wall thickness has been replaced by the masses of the regulator fields, which in turn can be absorbed into the renormalization of constants. Putting ǫ = 0, we obtain the regularized free energy
In the large mass limit the free energy and the entropy are, respectively,
is the renormalization constant.
Substituting the Hawking temperature
into (16), we find the on-shell entropy
That the entropy in two dimensions is entirely determined by the renormalization constant may be understood from the fact that the area of the event horizon can be defined only in dimensions higher than two.
III. ENTROPY OF D-DIMENSIONAL CHARGED BACK HOLES
The Reissner-Nordström charged black holes in D (D ≥ 4) dimensions have the metric
[13]
Q = 0 corresponds to the Schwarzschild black holes.
The number of states of a massive scalar field in the black hole spacetime (20) is given
The number of states in this form can be extended to nonintegral dimensions. Changing the variable y = l(l + D − 3), we rewrite the number of states
where the integration is restricted to the upper limit
The dominant contributions of y-integration come from the lower limit. For a small y, l(y) ≃ y/(D − 3) and we expand around y = 0 to rewrite the number of states as
where the first few coefficients of c k are
Changing the variable
and placing a brick wall h such that ǫ = (D − 3)
, we finally obtain the radial integration
and u = , and logarithimcally divergent terms ln(ǫ).
It can be shown that the number of states take the form
where g D,k,q and f k,q are obtained by expanding the denominator of the integrand in (29) around x = 0 and doing the integrals. The f k,q are singular functions of ǫ only.
We discuss briefly the brick wall model. The most singular term (k = D − 4, q = 0)
contributes to the free energy
where ζ is the Rieman zeta function, and to the entropy
where we put ǫ = (D − 3)
. Substituting into (33) the Hawking temperature
and the area of the outer event horizon, the surface area of (D − 1)-dimensional sphere,
and prescribing the brick wall
we recover the area law of black hole entropy
IV. PAULI-VILLARS REGULARIZATION
We now regularize the free energy according to the Pauli-Villars covariant regularization method by introducing the regulator bosonic and fermionic fields with masses m B i and m 
Depending on whether we use the same Einstein-Bose distribution or the different EinsteinBose and Fermi-Dirac distributions, the Pauli-Villars regularization method differs by the statistical factors
Thus the most singular term of the free energy has the contribution
where N B and N F are the number of bosonic and fermionic degrees of freedom. This singular term may be removed by imposing the condition
Note that we need the same number of bosonic and fermionic fields with the same distribution 
where q = 1, · · · , D − 3. In the same distribution the mass conditions (42) can be further simplified by choosing the masses Ref. [4] . √ m 2 + µ 2 , and in D = 5 the number is three bosonic and fermionic fields with the masses
It should be remarked that the mass conditions in the higher dimensions can automatically satisfy those in lower dimensions. The mass conditions from the different distribution are complicated.
But we can select the masses such that
since we have 2
algebraic equations restricting these parameters.
By performing the remaining integrations and taking the large mass limit, we finally obtain the renormalized off-shell entropy from the same distribution
and from the diffrent distribution
The B q or B q,k are the renormalization constants.
We rewrite the entropy in terms of renormalization constants as
V. BLACK HOLES IN FIVE AND SIX DIMENSIONS
In this section we work out explicitly the renormalized thermodynamic entropy of the scalar field in the five-and six-dimensional black holes. These model calculations will show the difference of the renormalized thermodynamic entropy in an even or odd dimensional black hole background.
VI. RENORMALIZATION OF BLACK HOLE ENTROPY
The one-loop effective action [?] for gravity in D-dimensions takes the form
where Λ is the cosmological constant, A, B, C are the coupling constants, and the subscripts B denote bare quantities. Here we have inserted explicitly the gravitational constant G which will be a renormalization constant. The spacetime can be a black hole background that is minimally coupled to a massive scalar field. The scalar field contribution to the one-loop effective action can be found by DeWitt-Schwinger method [?]
The effective action W involves infinite terms from the lower limit s = 0. Dimensional regularization method can be used to treat these infinite contributions to the action. Howver, we shall use the Pauli-Villars regularization method as in the previous sections. We introduce a number of bosonic and fermionic regulator fields apart from the original scalar field. All the regulator and scalar fields contribute to the effective action
where m B I , m F i are the masses of bosonic and fermionic fields. Using the analytically continuation of the integrals in Appendix B, we obtain divergent contributions to the effective action in an even dimension D = 2n:
To remove the infinite constants I p given by Eq. (A4) we impose the mass conditions
for k = 0, 1, · · · , n. We are then left with
are the renormalization constants.
Similarly using the intergrals in Appendix B we obtain the divergent contribution to the effective action in an odd dimension D = 2n + 1:
VII. CONCLUSION
In this letter we have found the thermodynamic entropy of a massive scalar field in the two dimensional Achucarro-Ortiz black hole of Jackiw-Teitelboim gravity and the Ddimensional Reissner-Nordström black holes. It was shown that the thermodynamic entropy of Achucarro-Ortiz black hole has a logarithmically divergent term in term of brick wall as in Ref. [12] , which can be renormalized by introducing two fermionic regulator fields obeying the Fermi-Dirac distribution according to the Pauli-Villars covariant regularization method.
We have found further that the thermodynamic entropy in the D-dimensional ReissnerNordström charged black holes has the divergent terms proportional to 
